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Recently [Phys. Rev. Lett. 106, 093902 (2011)] it has been shown that PT -symmetric scattering
systems with balanced gain and loss, undergo a transition from PT -symmetric scattering eigenstates,
which are norm preserving, to symmetry broken pairs of eigenstates exhibiting net amplification and
loss. In the present work we derive the existence of an invariant non-local current which can be
directly associated with the observed transition playing the role of an “order parameter”. The use
of this current for the description of the PT -symmetry breaking allows the extension of the known
phase diagram to higher dimensions incorporating scattering states which are not eigenstates of the
scattering matrix.
PACS numbers: 42.25.Hz 78.67.Pt, 78.67.Bf, 78.20.Ci,
I. INTRODUCTION
Quantum mechanical systems with a non-Hermitian
Hamiltonian exhibiting PT -symmetry have been the sub-
ject of intensive investigations since the work of Bender
et al [1, 2] demonstrating that such systems can have real
eigenvalues. Spontaneously breaking the PT -symmetry
one observes a transition from a real to a complex eigen-
value spectrum [1, 3]. Recently it has been impressively
demonstrated that PT -symmetry can be realized in wave
optical devices [3–9]. The first studies in this direc-
tion were motivated by the fact that the time-dependent
Schro¨dinger equation maps on the paraxial approxima-
tion of the electromagnetic wave equation, describing the
transverse variation of the electric field [3, 10], where the
variation on the z axis plays the role of time in the cor-
responding Schro¨dinger equation. Despite the fact that
quantum electrodynamics is T -invariant the classical elec-
tromagnetic theory in a medium possessing gain and/or
loss leads formally to the breaking of time reversal sym-
metry. In optical devices with balanced gain and loss
regions, located symmetrically with the respect to some
mirror axis, PT -symmetry is recovered.
In the case of electromagnetic wave propagation in op-
tical waveguides, the PT -breaking transition maps to
that of 1- or 2-D bounded Schro¨dinger problems in the
transverse direction. However, recently the study of
light scattering in unbounded domains, where a PT -
symmetric device resides, has been addressed [11, 12] and
followed by an investigation of the link between the break-
ing of PT -symmetry in bounded and unbounded sys-
tems [13]. One-dimensional PT -symmetric photonic het-
erostructures have been associated with appealing phe-
nomena such as the existence of anisotropic transmission
resonances [12], double refraction [3] and power oscilla-
tions [7, 14]. Of special interest for a PT -symmetric
scatterer are the CPA-laser points [15], where it can act
simultaneously as a coherent perfect absorber (CPA) [16]
and as a laser at threshold. An interesting develop-
ment in the context of PT -symmetric optical devices has
been recently achieved [11] showing that a general PT -
symmetric scattering system can undergo a multitude of
spontaneous symmetry breaking transitions. A bench-
mark of these transitions is the parametric change of the
magnitude |λS | of the eigenvalues of the S-matrix leading
to a phase diagram separating the PT -symmetric, norm
preserving eigenstates characterized by a pair of complex
eigenvalues with |λS | = 1 from the broken, amplified and
lossy eigenstates of an inverse-conjugate pair of eigenval-
ues with |λS | 6= 1 [12]. Nevertheless, the scattering states
which are eigenstates of the S-matrix comprise only a
small subspace of all possible scattering states, demand-
ing specific efforts for the preparation of the appropriate
conditions of the scattering system. The question which
naturally arises then is whether there exist states which
are eigenstates of the PT -operator while they are not
eigenstates of the S-matrix. Alternatively, can the phase
diagram found in [11] be generalized to include scatter-
ing states which are not eigenstates of the S-matrix and
if so, what would the required toolbox be such that their
identification is feasible?
In a recent work [17], by employing a generic wave-
mechanical framework, we have demonstrated how dis-
crete symmetries such as parity and translation lead to
symmetry-induced, non-local currents which are invari-
ant within the spatial domains where the corresponding
symmetry is obeyed (local symmetry). These invariants,
in turn, led to a mapping which was shown to generalize
the parity and Bloch theorems in the case where these
symmetries are globally broken, while they are recovered
in the limit of a corresponding global symmetry.
In the present work we focus on electromagnetic wave
scattering in one-dimensional PT -symmetric optical de-
vices and we show the existence of a non-local, spatially
invariant current which can be used to classify general
scattering states being eigenstates or not of the PT -
operator. In this sense our treatment generalizes the
study in [11] for scattering states which are not eigen-
states of the S-matrix. As a result the phase diagram
takes a complete and comprehensive shape, while a more
direct, fundamental link to the breaking of the PT -
symmetry is achieved. The derived non-local current
2can be interpreted as an “order parameter” of the PT -
symmetry breaking transition: when it vanishes the cor-
responding scattering state is an eigenstate of the PT -
operator and it is non zero for states which are not PT -
eigenstates. We show that the extended phase diagram
contains regions of the parameter space with scattering
states which are not eigenstates of the S-matrix but norm
preserving PT -eigenstates. This has to be contrasted
with the fact that S-matrix eigenstates are in general not
eigenstates of the PT −symmetry operator.
II. DERIVATION OF THE INVARIANT
CURRENT
We consider the scattering of a monochromatic plane light
wave of frequency ω from a PT -symmetric optical mul-
tilayer in one dimension. Without loss of generality we
assume that the device is elongated along the x-direction.
The electric component of the field transverse to the x-
axis (propagation axis) obeys the Helmholtz equation
[18]:
Exx(x, k) + k
2n2(x)E(x, k) = 0, (1)
where Exx(x, k) =
∂2E(x,k)
∂x2
, k = ω
c
and n(x) is the spa-
tially dependent refractive index. In the considered de-
vice n(x) is in general complex indicating the gain or
loss in the corresponding layer. For PT -symmetry to
hold the gain and losses have to be balanced so that
n(x) = n∗(2a−x) when the center of the device is located
at x = a. Since the scattering problem is unbounded
Eq. (1) has solutions for all k ∈ R, although n(x) is com-
plex. Employing the method developed in [17] for discrete
local symmetries one can derive a spatially invariant non-
local current Q related to the PT -symmetry of the refrac-
tion index n(x). When the latter is globally symmetric,
i.e. n(x) = n∗(2a − x) for every x ∈ R, a non-vanishing
Q is interpreted as a remnant of the PT -symmetry bro-
ken by the asymptotic conditions, typical for a scattering
problem, as explained in [17]. Particularly, to obtain Q
for a PT -symmetric setup, one multiplies Eq. (1) with
E∗(2a − x, k) and its PT -transform with E(x, k). By
subtracting, the refraction index terms cancel out and
the resulting expression is written as a total derivative.
This, in turn, leads to the symmetry induced, spatially
invariant, non-local current:
Q =
1
2i
[E∗(2a− x, k)Ex(x, k) + E(x, k)E
∗
x(2a− x, k)] .
(2)
It is straightforward to show that when Q = 0 then
E(x, k) is an eigenstate of the PT -operator:
Q = 0⇒
Ex(x, k)
E(x, k)
= −
E∗x(2a− x, k)
E∗(2a− x, k)
. (3)
Integrating the second equation in Eq. (3) we find:
E(x, k) = cE∗(2a− x, k) = cPT E(x, k)⇒ c = ±1 (4)
where the last equation results from the fact that PT is
an involution ((PT )2 = I). Thus E(x, k) is an eigenstate
FIG. 1. (color online) (a) Representation of a generic
PT −symmetric setup. (b) General case of a PT −symmetric
photonic multilayer with an arbitrary number of slabs, ex-
hibiting balanced gain and loss.
of the PT -operator when Q = 0. By inserting ±E(x, k)
for E∗(2a−x, k) in Eq. (2) one can show also the inverse,
i.e. when E(x, k) is a PT -eigenstate then Q = 0. [? ]
Consequently Q 6= 0 implies that E(x, k) in Eq. (2) is
not an eigenstate of PT and vice versa. In a general
one-dimensional scattering set-up (see Fig. 1 (a)) Q can
be calculated using the asymptotic expressions for the
E(x, k) field:
EL(x, k) = Ae
−ikxL +BeikxL ; x < a−
L
2
ER(x, k) = Ce
−ikxR +DeikxR ; x > a+
L
2
(5)
with xL = x− a+
L
2 and xR = x− a−
L
2 , assuming that
the length of the scattering device is L.
Inserting the asymptotic expressions (5) in Eq. (2) we
obtain Q in terms of the incoming and outgoing wave
amplitudes as follows:
Q = k(C∗B −AD∗) (6)
For a scattering state to be a PT eigenstate the following
condition –concerning its asymptotic behaviour– should
hold:
E∗L(2a− x, k) = ±ER(x, k) (7)
leading to A∗ = ±C and B∗ = ±D. These relations
when inserted into Eq. (6) give Q = 0, as expected from
the above discussion.
III. EXPRESSING Q THROUGH S-MATRIX
ELEMENTS
In order to relate Q with the parameters characterizing
n(x) it is useful to express the outgoing wave amplitudes
A, D in terms of the incoming amplitudes B, C using the
scattering matrix. For a general one-dimensional scatter-
ing device possessing PT -symmetry the scattering matrix
can be written as:
S =
1
α
(
iβ 1
1 iγ
)
(8)
3with α ∈ C, β, γ ∈ R fulfilling the constraint |α|2 =
1 + βγ [12]. Using the relation defining the action of the
S-matrix: (
A
D
)
= S
(
B
C
)
(9)
and Eq. (8) we can write the non-local invariant current
Q as:
Q =
ik|C|2
|α|2
[
2 Im(ν)− β|ν|2 + γ
]
, (10)
where we have set ν = B/C. From Eq. (10) one can
clearly see that Q depends not only on the parameters α,
β and γ of the scattering matrix but also on the input
amplitudes B, C. For scattering states which are eigen-
states of the PT -operator Q must vanish leading to the
condition:
γ = −2|ν| sinϕ+ β|ν|2 (11)
with ν = |ν|eiϕ. Eq. (11) is a central result of the present
Letter. For a general PT -symmetric scattering set-up it
determines the parameters α, β, γ such that the input
amplitudes B, C describe a scattering state which is a
PT eigenstate. Thus, it can be used to classify arbitrary
scattering states into eigenstates (Eq. (11) fulfilled and
Q = 0) and non-eigenstates (Eq. (11) not fulfilled and
Q 6= 0) of the PT -operator.
A. Relation of Q to S-matrix eigenstates
In [11] the spontaneous breaking of PT -symmetry in pho-
tonic devices has been explored using a particular class of
scattering states i.e. the eigenstates of the S-matrix. Let
us note Ae, Be, Ce and De the coefficients characterizing
the asymptotic form of an eigenstate of the S-matrix in
a similar way as Eq. (5) does for an arbitrary scattering
state. Then, since:(
Ae
De
)
= λS
(
Be
Ce
)
with λS being the corresponding S-matrix eigenvalue, we
can rewrite Eq. (10) as:
Qe = kC
∗
eBe(1− |λS |
2) (12)
illustrating transparently the relation between unimodu-
larity (|λS | = 1) of the S-matrix eigenvalues and the PT -
symmetry (Qe = 0) of the corresponding eigenstates. The
eigenvalues as well as the magnitude of the ratio Be
Ce
for
the corresponding eigenstates of the S-matrix of a PT -
symmetric scattering system are given in terms of the
parameters α, β and γ in [12]. Based on Eq. (12) one
can determine the quantity Fe which depends only on
the parameters of the S-matrix:
Fe =
|Qe|
k|Ce|2
= |νe|(1− |λS |
2) (13)
where νe = Be/Ce. This expression becomes zero for
S-matrix eigenstates which are also eigenstates of the
PT -operator, carrying the information of the symmetry
breaking in the same manner as Qe does.
IV. PHASE DIAGRAM FOR PT -BREAKING
TRANSITIONS IN SCATTERING
As discussed in [11] a PT -breaking transition occurs by
tuning the parameters of the S-matrix. It has been ar-
gued that the signature of this transition is the change
from unimodular to non-unimodular S-matrix eigenval-
ues. However as we have shown above, the conserved
non-local current Q is directly related to the observed
transition in a transparent way, being zero for the sym-
metric and non-zero for the broken phase. In this sense
Q clearly resembles the natural “order parameter” of the
PT -breaking transition in a scattering system having in
addition the advantage of being defined even for scatter-
ing states which are not eigenstates of the corresponding
S-matrix. Thus the current Q can be used to extend the
existing phase diagram of the PT -breaking transitions
to arbitrary scattering states. For reasons of consistency
with the literature [11] we define here as the relevant “or-
der parameter” the quantity F :
F =
|Q|
k|C|2
(14)
which is actually the generalization of Fe to arbitrary
scattering states. Using Eq. (10) we can write:
F =
|2|ν| sinϕ− β|ν|2 + γ|
1 + βγ
. (15)
The condition F = 0 determines the unbroken phase in an
arbitrary PT -symmetric scattering system while F 6= 0
corresponds to the broken phase. In general the phase
diagram depends on four parameters β, γ, ν and ϕ. In
the PT -symmetric phase only three of these parameters
are independent and the phase diagram will contain a
connected 3D region (symmetric phase) characterized by
F = 0. This is clearly a richer phase diagram than that
obtained by using exclusively eigenstates of the S-matrix
where the variables ν and ϕ are eliminated by projecting
on the β, γ plane.
Of course, this generalized phase diagram can be ob-
tained using linear combinations of the S-matrix eigen-
states since they cover the entire space of possible scat-
tering states. However, to describe the unbroken phase
via a linear combination
|Ψ〉 = µ1|Φ1〉+ µ2|Φ2〉, (16)
where |Φi〉, i = 1, 2 are the S-matrix eigenstates, one has
to impose the following conditions (and all their combi-
nations):
µ∗1 = ±µ1 ; µ
∗
2 = ±µ2, (17)
for the (in general complex) expansion coefficients µi, i =
1, 2. This information is optimally encoded in the single
condition Q = 0, demonstrating the propriety of the in-
variant current Q (or equivalently F ) as an “order param-
eter” of the PT breaking transition. Even more, from the
physical point of view, in a scattering experiment with
incidence on either side of the potential, it is expected
that the ratio |ν|, being a tunable parameter for a given
4setup, can be varied in an arbitrary manner, influencing
the scattering outcome. On the other hand, restricting
the incident states to S-matrix eigenstates, fixes the ratio
|ν| to 1 for all the corresponding PT -symmetric states.
This can be shown by combining the conditions:
A = s B ; D = s C, (18)
which emerge from the fact that the incoming state is an
eigenstate of the S-matrix (s being the respective eigen-
value), with
B∗ = Λ D ; A∗ = Λ C, (19)
which stem from the PT -symmetry of the states. Λ
(which is a phase) is the corresponding eigenvalue.
To illustrate the above issues in a more transparent
way we construct the phase diagram for the specific PT -
symmetric scattering problem considered in Refs. [11–13].
The device, shown in Fig. 2 (a) is comprised of two at-
tached dielectric materials, one inducing losses (n0 + ig)
and the other gain (n0 − ig). The value of the refrac-
tion index n0 coincides with the respective value n in the
asymptotic regions on either side of the device (n0 = n).
Figures 2 (b), (c) illustrate the phase diagram of the cor-
responding setup for incoming waves which are all eigen-
states of the S-matrix. Particularly, subfigure (b) shows,
for reasons of comparison, the phase diagram for a lim-
ited parameter range, similar to that used in Fig. 2 (a)
of Ref. [11], while (c) illustrates the same situation for
a broader parameter range. The emerging surfaces stem
from the condition given in Eq. (11) and the correspond-
ing parameters which determine its form are the gain/loss
rate (g), the scaled frequency ωL and the angle ϕ, ap-
pearing in the phase of ν. Note, that g and ωL appear
in the expressions of γ and β, contained in the S-matrix.
This 3D representation is advantageous in several ways,
revealing transparently new aspects of the structure of
the phase diagram. In the first place, there are no so-
lutions of Eq. (11) for pi < ϕ < 2pi and consequently
in this regime of angles PT -symmetric states do not ex-
ist. Additionally, the 3D phase diagram is symmetric
around ϕ = pi2 , the latter being the limiting line in the
2D g − ωL plane, in the sense that the lines which cor-
respond to the phase angles 0 < ϕ < pi2 , equally project
in the range pi2 < ϕ < pi. Therefore, projecting the di-
agrams (b) and (c) onto the g − ωL plane, the phase
angle ϕ = pi/2 forms a limiting curve separating PT -
symmetric (below this curve) from PT non-symmetric
(above this curve) S-matrix eigenstates. With this ap-
proach we recover the phase diagram derived in Ref. [11].
However, since every PT -symmetric state, which is also
an eigenstate of the S-matrix, has |ν| = 1, the phase ϕ of
ν provides essential information concerning the loci where
PT -symmetry is obeyed. This information will have par-
ticular impact on the preparation of a scattering system in
the PT -symmetric phase. In Fig. 2 (d) we show the lim-
iting lines which correspond to ϕ = pi/2, for six different
values of |ν|. Curve (3) corresponds to incoming states
which are eigenstates of the S-matrix (|ν| = 1). The ex-
istence of PT -symmetric states which are not eigenstates
of the S-matrix is obvious. As we can see, the param-
eters ωL, g cannot uniquely describe the properties of a
FIG. 2. (color online) (a) The considered PT -symmetric scat-
tering device comprised of two attached dielectric materials
with balanced loss and gain, respectively. The refraction index
of both slabs is n0 = 3 and is equal to the refraction index n
in the asymptotic regions on either side of the setup (n = n0).
(b) Phase diagram in a three-dimensional parameter space,
corresponding to eigenstates of the S-matrix. (c) The same
phase diagram as in (b) for a broader parameter range. (d)
Limiting phase diagram lines corresponding to angle ϕ = pi/2
(phase of the ratio of the incoming amplitudes). Curves (1),
(2), (4 − 6) correspond to |ν| = 0.01, 0.3, 3, 6, 100 (non-
S-matrix eigenstates), whereas curve (3) is characterized by
|ν3| = 1 (S-matrix eigenstates). (e) Three-dimensional phase
diagrams, emerging from Eq. (11), corresponding to (bottom
to top) |ν| = 6, 3, 1, 0.3, 0.6. The blue surface with |ν| = 1
(middle) corresponds to the case of the S-matrix eigenstates
and is part of the surface shown in (c).
generic scattering state with respect to PT -symmetry,
since the limiting curve depends also on the ratio of the
incoming amplitudes ν. The limiting curves (1, 2) and
(4 − 6), are characterized by |ν| 6= 1, describing generic
PT -symmetric states which are not S-matrix eigenstates.
The oscillatory structure, observed in all curves (inset),
is attributed to the sinusoidal terms which involve the
phase diagram parameters and appear in the form of the
S-matrix elements β and γ. Finally, in Fig. 2 (e), the
full, 3D phase diagrams are shown for several values of
|ν|. The blue surface corresponds to the S-matrix eigen-
states case and is part of the surface shown in (c). Obvi-
ously, the PT -symmetric S-matrix eigenstates cover only
a small fraction of all possible PT
5V. CONCLUDING REMARKS
The central theme in the present work has been the
derivation of a spatially invariant non-local current Q for
the Helmholtz equation with PT -symmetry. This current
offers a natural “order parameter” for the spontaneous
PT -symmetry breaking transitions in one-dimensional
scattering. There are two striking features of Q: (i)
it provides a direct link to the violation (Q 6= 0) or
not (Q = 0) of the global PT -symmetry and (ii) it al-
lows the study of the PT -symmetry breaking transitions
with scattering states which are not eigenstates of the
S-matrix, enriching significantly the associated phase di-
agram. This extension, in turn, allows for the observa-
tion and manipulation of physical properties associated
to the PT -symmetry of the setup (anisotropic transmis-
sion resonances, CPA-laser solutions), in parametric re-
gions, which were previously inaccessible. Last but not
least, it must be noticed that Q exists also for setups
where the PT -symmetry holds only within a finite spa-
tial domain (as a spatially invariant quantity within this
domain). This opens the intriguing perspective to study
novel transitions in systems where the PT -symmetry is
broken globally but retained locally in well-defined spa-
tial regions, leading possibly to an extended control of
the phase diagram. Additionally, since the identifica-
tion of local symmetries in globally non-symmetric, ape-
riodic systems has led to setups with prescribed perfect
transmission resonance properties [20] and their funda-
mental classification [19], one could expect an extended
variability of anisotropic transmission resonances in the
case where PT -symmetry is fulfilled only in restricted
spatial domains.
We thank A.V. Zampetaki, C. Morfonios, V. Zam-
petakis and M. Diakonou for fruitful and illuminating
discussions.
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